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Linear Algebra, Winter 2022

List 9
Review for Celebration of Knowledge 2

-7 30 30
Find the eigenvalues of the matrix M = | 5 6 10|.|—4,—-7,16

-5 10 6
Find three non-parallel eigenvectors for the matrix from Task 215. For A = —4
the eigenvector can be any non-zero scalar multiple of | [0,1, —1]| For A = —7,

3,—5,5]. For A = —16,[30,19, 4]

Which of the following matrices are invertible?
-7 30 30

@ |5 6 1 O s I IO e

-5 10 6

Give an example of a matrix whose eigenvalues are 2 and 7. {(2) 2} is the

2 10
simplest example. There are infinitely many others, such as [_1%_0 5_%1} )
111

The eigenvalues of a 6 x 6 real matrix include
2, —4, 1, 241
What is the determinant of this matrix? 2(—4)(i)(—i)(2 +i)(2 — i) =

For the complex numbers

z = 2v/3e™3 = 94/3¢597 = /3 + 3 and
w:ze(ﬂ'/ﬁ)i: 301_\/_+,L
z
compute —, giving your answer in rectangular or exponential form (your choice).

(m/3)i T 7. )
2/3e :2\2/56(56)12 V/3e(m/0)i

2e(m/6)i

3, V3,
§+Tl

or

For the numbers z and w from Task 220 compute z — w, giving your answer in
rectangular or exponential form (your choice).

(V3 +31) — (VB+1) = (V3= vB) + (3i — i) = 2] or [2071]

For the number z and w from Task 220 compute |z - w |, giving your answer in
rectangular or exponential form (your choice).

[z w| = |z] - Jw] = (2v3) -2 =[4V3
True or false?

) |-+ ] =[] + o] [l
b) Jzu] = |2| + ol




224.

(© [zl = || Ju
() arg(z + w) = arg(2) + arg(w)
(e) arg(zw) = arg(z)+arg(w) if z and w have arguments in [—m /2, 7/2]

or if arg(u) is considered a “multivalued function”. False if you require
arg(u) € (=, 7] for all u € C (then, for example, arg(e!®"¢.e1#°7) = —90°),
It is always true that

arg(zw) = arg(z) + arg(w) + 2mn

for some integer n.

arg(zw) = arg(z) - arg(w)

NET,
Vzw = \/_ Vw [ f if you use the “prmmple” square root. For example,
V(= =1=1, but /=1-+v/=1=1i-i=—1. True if square root is

consadered a “multivalued functlon The property
Vab=+a- Vb

is true if at least one of a and b is a positive real number.

Convert the following numbers to exponential form, that is,  e(—% where both
blanks are real numbers and the first blank is non-negative.

(a) 4cos(21°) + 4sin(21°)i

(b) cos(w/4) + sin(w/4)i m

(c) \/§COS(7T/4) + \/ﬁsin(ﬂ/él)z'
)

(d) 141 |v2e™| Same number as (c). (e) 43 | 4™/

—5 —5i = —5 + 5i = | 520G/

)
)
(h) 65770
(i)
)



(m) /3 — 3i [2v/3e"7/2| or 2¢/3e(57/3)

Y¢ (n) sin(7) (%)e(”mi ~ 1.175e(7/2)

225. The figure below shows a complex number w.

Im

Re

Calculate w?.(2 — )2 = (2 +1i)% = or 5 P313%

7 226. The figure below shows three adjacent squares with line segments connecting
some vertices. Use complex numbers to calculate the sum 6; + 65 + 03 of the
labeled angles.

01

01+ 02+ 03 = arg (1 +4)(2+14)(3+1))
= arg ((1+3i)(3+1))
= arg(107)
=m/2 or 90°

7 227. The vertices of a regular octagon lie on a circle of radius 1. What is the length
of each side of the octagon?

2— /2

Note: it is also possible to do this task using vectors or basic geometry. Often,
2D geometry tasks can be done using complex numbers. (For 3D, use vectors.)




228. One of the roots of
22+ 222 — 382+ 80

is 3 — 1.

(a) Find all the complex roots of this polynomial. |3 —i, 344, —8

(b) Write 2% + 22% — 38z + 80 as a product of irreducible complex factors.
(z4+8)(z—(3—1))(z— (3+1))
(c) Write z® + 22* — 38x + 80 as a product of irreducible real factors.
(z + 8)(x* — 6z + 10)

229. Find the real root(s) of z® + 2% and the multiplicity of each root.

’0 has multiplicity 6. ‘

230. Find the complex root(s) of 28 + 2% and the multiplicity of each root.

’0 has multiplicity 6. ¢+ has multiplicity 1. —¢ has multiplicity 1.

231. Give the cubic polynomial
f@)y=2*+_2*+_ax+__
for which f(9) = 0 and for which 13 is a zero with multiplicity 2.

( — 9)(x — 3)? = | 2® — 352 + 403z — 1521

232. One of the roots of
P(x) = 22° — 52* + 102> — 102 + 3
is 1. What is its multiplicity?
P(z) = (x — 1)*(2z + 3), so 1 has ’multiplicity 4

233. The polynomial
320 — 252° + 622" — 1322% 4 892% — 1072 + 30
has no repeated roots. How many linear complex polynomials are factors
of this polynomial? [6]. (But it has only four irreducible real polynomial factors.)

¢ 234. Find all roots of 328 — 2525 + 622* — 13223 4+ 8922 — 107z + 30.
$,6,4,—4,1 —2i,1+ 2

235. Give the real polynomial of the form 2%+ 224+ a + _ whose graph is
shown below.

\ )
i i i 2 | v |
—1




236.

237.

Roots at © = —2 and x = 1 and = = 4 mean we are looking for a multiple of
(x+2)(x —1)(x—4) = 2°—32° -6z +8.

Since f(0) = 1 in the figure, we need to multiply the polynomial above by %.
This gives

1,3 3,2 3
03 — 4x+1

Give the real polynomial of the form 2%+ 2?>+ 2+  whose roots include
the two complex numbers shown below.

w
3

(= (=3+2)) (x — (—=3—2)) (¢ — 2) = |2® + 42® + 2 — 26

Two complex numbers are shown in the figure below:

Im

e
3

o
(2

a) Write the number u in rectangular form.

Calculate the complex conjugates u and w. m W = 32135
Give an example of a polynomial with real coefficients whose only zeros are

u and w, or state that such a polynomial does not exist.

(e) Give an example of a polynomial with complex coefficients whose only zeros
are u and w, or state that such a polynomial does not exist.

(z— (3+1))(z — (=3 + 3i)) |, which is also | 2% + (—4i)z + (6i — 12)

(c
(d

(a)
rite the number w in exponential form. 35| or el3m/4)
b) Write th ber w i ial f 3v/2¢!% 3v/2e6m/4)
)
)

(f) Give an example of a degree-4 polynomial with real coefficients whose zeros
include v and w (and possibly other points), or state that such a polynomial

does not exist. ’ 24— 827 — 48z + 180‘




